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(1) Show that if the Gauss map of a compact connected n-surface is one-one, then
the surface is homeomorphic to the sphere S™. [4]

(2) Give examples of three non-zero vector fields on R?® such that all of them
restrict to a tangent vector fields on S2. For any one of these vector field
restricted to the sphere S?, find the integral curve through the point (—1,0,0).
[5]

(3) Let (a;j) be areal symmetric (n+1) x (n+1) matrix. Show that the maximum
and minimum values of the function

f(X) = Z CLi]’IEiZL‘j
1]

where X = (21,...,2,41) € S™ are eigenvalues of the matrix (a;;). [4]

(4) Show that if o : I — S is a geodesic in an n-surface S and if § = a o h is
a reparametrization of «, where h : J — [ is a surjective map with A’ > 0,
then  is a geodesic if and only there exists a,b € R with a > 0 such that
h(t) =at+bforallt € J. 5]

(5) Let C be a plane curve in the upper half-plane (22 > 0) and let S be the surface
of revolution obtained by rotating C' about the z;-axis. Let a(t) = (1, z2) be
a constant speed parametrized curve in C'. For t,0 € R define

ag(t) = (1(t), x2(t) cos 0, xo(t) sin )

Bi(0) = (x1(t), zo(t) cos O, z5(t) sin 6)
Show that (i) each ay is a geodesic in S and (ii) 3; is a geodesic if and only if
the slope of the tangent line to C' at «a(t) is zero. 6]
(6) Let S be a 2-surface in R? and let o : I — S be a geodesic in S with & # 0.
Show that a vector field X tangent to S along « is parallel if and only if both

||IX]| and the angle between X and & are constant. 6]
(7) For 6 € R, let ap : [0, 7] — S? be the curve defined by

ap(t) = (cos@sint,sinfsint, cost).

Let p = (0,0,1) and v = (p,1,0,0) € S7. Compute Py, (v). 5]
(8) Discuss the definition of the Weingarten map. Compute the Weingarten map
for (i) the hyperplane a1z + - - - + ay112,41 = 0 where not all a; are zero and
(ii) the cylinder z3 + 23 = a?, a # 0. 5]



